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Graph Embeddings in Symmetric Spaces



• What are symmetric spaces? 

• Graph embeddings in Siegel spaces 
[LPTSW, Symmetric Spaces for Graph Embeddings: A Finsler-Riemannian 
Approach. (ICML 2021)] 

• Gyrocalculus in SPD 
[LPTSW, Vector-valued Distance and Gyrocalculus on the Space of Symmetric  
Positive Definite Matrices, (NeurIPS 2021)]

Graph Embeddings in Symmetric Spaces

Plan for today:

(joint with Federico Lopez, Michael Strube, Steve Trettel, Anna Wienhard) 



1) What are symmetric spaces?

Definition: A symmetric space is a Riemannian manifold  
where, for every point , the geodesic involution 

 is an isometry
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Examples:



Negative versus nonpositive curvature

looks like a tree - exponential growth looks like a grid - polynomial growth
Hyperbolic geometry Euclidean geometry

Higher rank symmetric space 

Rich geometry but at the same time computationally tractable 



Classification

In each case we can compute 
concrete formulas for

• Distance 
• Gradient 
• Exponential/logarithm map 
• Isometries 
• Riemannian metric 
• Geodesics 
• …. 

Theory: Every symmetric space 
can be written as  where  is 
a semisimple Lie group and  is 
a maximal compact subgroup

G/K G
K



: Symmetric positive definite matrices SPDn GLn(ℝ)/SOn(ℝ)

• SPDs have been used for: 
◦ Pedestrian detection 
◦ Action and face recognition 
◦ Image classification 
◦ Visual tracking 
◦ Medical image analysis 

• Points are positive definite real  
symmetric n × n matrices 

• SPDn: Riemannian manifold of non-positive  
curvature of n(n + 1)/2 dimensions 
◦ n-dimensional Euclidean subspaces 
◦ n−1 dimensional hyperbolic subspaces 

• They combine hyperbolic and Euclidean  
geometry thus they can accommodate: 
◦ Hierarchical structures -> hyperbolic subspaces 
◦ Flat structures -> Euclidean subspaces 

SPD2 ≅ ℍ2 × ℝ

( 2 −1
−1 3 ) ∈ SPD2

tvXv > 0 ∀v ∈ ℝn

⟺ λi(X) > 0 ∀i



 Siegel spaces 

Why Siegel spaces  ?  First of all  ℬn ℬ1 = ℍ2

• concrete and tractable matrix models of 
Poincaré disk and upper half plane.

• rich submanifold structure.

• gradient has simple form, it is a matrix 
rescaling of a Euclidean gradient

𝒮n := {Z ∈ Sym(n, ℂ) | ℑ(Z) > 0}

rank of  = nℬn dim( ) = n(n+1)ℬn

ℬn := {Z ∈ Sym(n, ℂ) | In − ZZ > 0} = Sp(2n, ℝ)/U(n)

( 2i −1 + i
−1 + i −3 + i) ∈ 𝒮n



2) Graphs embeddings

Graphs are ubiquitous, they are a convenient way to represent data.

Important tool: Embedding of graphs into manifolds
Use ambient structure to infer properties or structure of the graph

Classical: embeddings into Euclidean spaces, but ….

… complex networks have inherent features of negative curvature, 
and many graphs have mixed features

In recent years, hyperbolic spaces, products of constant curvature space, Grassmann 
manifolds, space of positive definite matrices have been proposed as suitable targets.  

Why Graphs? 

They are used in many machine learning applications. 



Hyperbolic geometry in machine learning

Boguna et al., Sustaining 
the Internet with hyperbolic 
mapping, 2010

Nickel and Kiela, Poincaré 
Embeddings for Learning 
Hierarchical Representations, 
2017

Krioukov et al., Hyperbolic 
Geometry of Complex 
Networks, 2010

We described a general framework to learn graph embeddings in symmetric spaces, 
and implemented it in Siegel spaces, using additional geometric properties of 

symmetric spaces



Finsler metrics
X carries many Finsler metrics with same symmetry group as the Riemannian metric.
Finsler metrics are different, and more graph like

But Finsler metrics are not differentiable and not convex, so not so good for optimization

Use Finsler loss functions in a Riemannian optimization scheme!

Example: grid in ℝ2

distortion with respect to the Riemannian metric 
is at least 2
no distortion with respect to the - metric ℓ1

Riemannian metric | |x | |2 = x2
1 + x2

2

- metric ℓ1 | |x | |1 = x1 + x2



Vector Valued Distance
The invariant of two points in a symmetric space is not the distance, but a vector in a 
Euclidean space of dimension the rank

Given A,B two positive definite symmetric matrices
We can always find a basis in which A is the identity matrix and B is a diagonal matrix  
with real eigenvalues λ1 ≥ λ2 ≥ ⋯ ≥ λn

Example:



• By taking different norms on the VVD 
we can compute several metrics 
◦ Riemannian distance 
◦ Finsler distances 
◦ Generalize previous metrics 

 
 
 
 

• VVD provides much more information 
than just the distance 
◦ Read the regularity of the  

geodesics joining two points 
◦ Visualize and analyze  

high-dimensional embeddings 

Advantages of VVD



Embedding pipeline

Initial embedding: put your graph X in some way

Optimize your embedding: Riemannian gradient descent with respect to some 
loss function, e.g. 

After many iterations process stabilizes: this gives you your embedding

Then use the embedding, perform tasks, analyze the graph

Apply this procedure when the target is a symmetric space, using the full strength 
of the Finsler and vector valued distances

ℒ(x) = ∑1≤i≤ j≤n ( d𝒳(xi, xj)

dG(Xi, Xj) )
2

− 1



Measuring the quality of the embeddings

◦ Distortion: Global metric 
▪ Checks that distances in the spaces  

resemble distances in the graph 
 

◦ Average precision: local metric 
▪ Checks that “neighbors” (closest points)  

in the space are neighbors in the graph 

• Model Baselines 
◦ Euclidean, Hyperbolic 
◦ Cartesian product thereof 
◦ SPD



Implementation
Initialize embedding by randomly choosing points close to  iIn

ℒ(x) = ∑1≤i≤ j≤n ( d𝒮n(xi, xj)

dG(Xi, Xj) )
2

− 1

Use Riemannian gradient descent with respect to the loss function

Siegel spaces have better representation capabilities, without any a priori 
knowledge of the internal structure of the graph. 

Apply it in wo downstream tasks: recommender systems and node classification

Evaluate with respect to distortion 
and mean average precision. 



Synthetic Graphs

On pure graphs the Riemannian metric performs on par with constant 
curvature baselines and products. 

The Finsler -metric significantly outperforms other baselines in all graphs, 
except trees — almost zero distortion for the 4D grid.  

ℓ1



Real world data sets

Finsler -metric outperforms the other baselines. ℓ1

Strong reconstruction capabilities of the Siegel space for real world data. 



Recommender systems 

Loss function: 

Riemannian and Finsler -metric outperform the baselines. ℓ1

You have a bipartite graph (users and items) with edges for 
each interaction. 
You try to recommend items to users according to the  
distance/similarity between their embeddings.



Analyze structure in the graph
Use the vector valued distance to get a coloring of the graph 

Embed into , for every edge  have the  — take 𝒮2 (Zi, Zj) dvect(Zi, Zj) = (v1, v2)
v1

v2

The edge coloring distinguishes different internal structures (grid-like vs. tree-like) 

Take edge (z1, z2) Compute dvect(z1, z2) Color edge by φ

0

π
4



Real world data sets

Also in real world data sets (here biodiseasome) the edge coloring 
distinguishes the tree like structure from the well-connected parts of the graph



The Facebook graph



3) Gyrocalculus 

• Gyrocalculus is an algebraic formalism to 
translate Euclidean operations to other spaces 
in a geometrically meaningful way 

• Successful applications with  
Hyperbolic geometry [Ganea et al, 2018] 
◦ Addition 
◦ Matrix-vector multiplication 
◦ Pointwise non-linearities 



• Addition / 
subtraction 
 
 

• Scalar multiplication 
 

 

• Matrix scaling 

Gyrocalculus on SPD



Isometries

• We also provide a way to learn rotations  
and reflections in SPD 

• Rotations 

• Reflections



Knowledge graph completion

• Operations 
◦ Scaling 

 
Rotations 

◦ Reflections 
 

• Distances 
◦ Riemannian 
◦ Finsler One 

• Baselines: scaling, rotations and reflections 
◦ Euclidean space 
◦ Hyperbolic spaces 
◦ Complex space 

we aim to complete the knowledge graph by predicting the missing entities or relationships 



Results for Knowledge graph completion

• SPD scalling outperforms Euclidean and hyperbolic models 
• Competitive results for rotations and reflections with significantly less dimensions 
• In many cases Finsler one metric outperforms the Riemannian distance 



Visualisation of embeddings

5 Epochs 3000 Epochs50 Epochs

• Train, negative and validation triples for WN18RR relationships 

• Position of validation triples directly correlates with performance 



Neural linear layers on SPD

• Linear layer: feature transformation + bias addition 
◦ Scaling 
◦ Rotation 
◦ Reflection 

• Experiments on Question Answering 
◦ Training word embeddings on SPD 

 

• Model 
◦ Model question/answer as word embeddings 

summation followed by a linear transformation 
 
 

◦ Rank question-answer similarity 



• SPD models outperform baselines in all cases 
• Embeddings in SPD manifolds is effective for downstream tasks 
• We showcase how to build linear layers on SPD 

Results for Question Answering



Summary

• Geometric Deep Learning arose as a field in machine learning, with a lot of 
interest in concepts from geometry, Lie groups etc. 

• Symmetric spaces are a great tool because their geometry is richer than 
Euclidean or hyperbolic geometry, but at the same time they are 
algorithmically tractable. 

• The combination of Finsler and Riemannian metrics gives you better 
performance for graph embeddings as well as in concrete tasks. 

• The vector-valued distance function in a symmetric space gives you a 
completely new tool to analyze your graph embedding. 

• Gyrocalculus can be adapted to obtain arithmetic operations that respect 
the geometry, and neural network architectures

• There are still many tools and ideas from geometry, topology and geometric  
group theory that are not yet applied….


