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Representation Space = Important 4

{xi}ni=1 ⊂ X

1. X “too big” for deep learning (i.e. no BAP; e.g. non sep.),

2. {xi}ni=1 ⊆ X ′ ⊆ X ; X ′ may have small “effective
dimension”
▶ Unknown parametric family {Pθ}θ∈Rd in P(R),

3. May not have any ”good” deep learning model on X
▶ Good approximation properties,
▶ Generalize well,
▶ Can be easily trained.
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Find:

1. Good representation space in which all finite data can be
”well-embedded”,

2. Implement embeddings of large datasets with small neur.
net models,

3. Embeddings have small ”effective dimension” when data
has ”good geometric prior”
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Setup 6

Data
Consider only a pair (X , d):

▶ Fix a finite set Xn := {x1, . . . , xn} of “important points” in
X ,

▶ A metric d quantifying dissimilarities between any pair of
datums.

Representation

A map ϕ : (X , d) into a “representation space” R with
”distance function dR” such that: d(xi, xj)≈dR(ϕ(xi), ϕ(xj))

s di,j(x, x̃) ≤ dR(ϕ(xi), ϕ(xj)) ≤ sDd(xi, xj).
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Example: “Important Points” on Manifolds 7

Idea dating back to: [9] “isolated proofs” in [10].
Sample points x1, . . . , xN on the manifold M such that

min
i,j

d(xi, xj) ≲ Shortest non-contractible loop.



What is not a good representation space? 8

Look for manifold with ”good curvature” [14, 6, 8].

Curvature is not enough

Let R be a complete connected Riemannian manifold. For
every n ∈ N+, there exists an n-point metric space which
cannot be bi-Lipschitz embedded into R with distortion less

than O
(

log(n)
log(log(n))

)
Because: Too small!

Infinite Dimensions are Not Enough: Bourgain [4] 1985

For every n ∈ N+ there exists an n-point metric space which
cannot be bi-Lipschitz embedded in L2(R) with distortion less

that O
(

log(n)
log(log(n))

)
.

Block: Too flat!
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What is a good representation space? 9

What works?

1. [2] W1(Rd); d ≥ 3 one can find bi-Hölder embeddings of
any finite metric space whose distortion is arbitrarily small,

2. W1(R) “exhibits positive curvature on all scales” [11,
Section 4.1.1],

3. [11, Proposition 7.4] W1(R) has infinite weak-rank (i.e.
there are isometric embeddings of every finite-radius
Euclidean ball into W1(R)).

Where can we tweak [2]?

1. Work in 1 dimension, since W2 is hard to compute for
d > 1,

2. Smaller space where we can exactly implement any
probability measure therein
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A smaller geodesic space univariate measures 10

Proposal: Gaussian Mixtures!

1. GM2(R): Univariate Gaussian mixtures:∑I
i=1wiN1(µi,Σi),

2. WM2: “Gaussian Mixture” Optimal Transport Distance

WM2(µ, ν) := min
π∈P(Rd×d)Gauss. Mix.

µ,ν are marginals

E(X1,X2)∼π

[
∥X1 −X2∥2

]1/2

Figure: Geodesics in W2(R) vs. in GM2(R)
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Model: Probabilistic Graph Transformer 11

1. (Unnormalized) Graph-Attention [16]

G-Attn : X ∋ x 7→ (dn(x, xl))
n
l=1 ∈ Rn,

2. Feedforward neural network f : Rn → R3K

u 7→ W J ◦ ReLU • · · · ◦ ReLU •W 1(u) =: (µ,Σ, w),

3. Probabilistic Attention:

P-Attn
(
w, (µk,Σk, wk)

K
k=1

)
:=

∑K
k=1 SoftmaxK(w)k N(µk, |Σk|) ∈ P2(R).
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What we know about transformers?

1. Extremely High-Capacity: Can approximate all ”good”
cond. dist. [12] + all ”good” processes [1],

2. Super Flexible: Can approximate any function exactly
encoding any constraints [13] (by leveraging randomness),
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Main Result: PAC Embeddings 13

Given an n-point metric space (Xn, dn) and the the uniform
probability measure P on Xn, every “distortion parameter”
D > 2, there exists a “scale” s > 0 and a probabilistic
transformer T̂ : (Xn, dn) ↪→ (MG2(R),MW2) satisfying

P
(
sdn(x, x̃) ≤ MW2(T̂ (x), T̂ (x̃)) ≤ sD2dn(x, x̃)

)
= 1

n2−2θD
,

(i) Width: at-most O
(
max{ θD log2(n)

(D−2)2
, n2θD}

)
,

(ii) Depth: ≈ Õ
(
nθD

√
θD log(n)

(
1 + log(2)

θD log(n)

))
,

(iii) Effective Dimension: O
( θD log2(n)

(D−2)2

)
.

where θD ≈ D−2
log(1/(D−2)2) and aspect(Xn, dn) :=

maxx,x̃∈Xn dn(x,x̃)
minx,x̃∈Xn; x̸=x̃ dn(x,x̃)

.
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Figure: α = 1, All priorities equal.
Figure: α ≪ 1, Priority to nearby
data.

Figure: dα(xi, xj) ≈ ∥ϕ(xi)− ϕ(xj)∥
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Deterministic Fractal Embeddings 17

Given an n-point metric space (Xn, dn). For every “geometric
perturbation parameter” 1/2 < α < 1 there is a prob.
transformer T̂ satisfying

dαn(x, x̃) ≤ MW2(T̂ (x), T̂ (x̃))

⌈(
12 log(cap(Xn))

(1−α)

)1+α
⌉
dαn(x, x̃).

(i) Width: O
(
max{ log(cap(Xn))

α , n2}
)
,

(ii) Depth: Õ
(
n

(
1 + log(2)

√
n√

log(n)

))
,

(iii) Effective Dimension:
⌈12Cα−1 (log(cap(Xn)))⌉.



Application: 2-Hop Combinatorial Graphs 18

Let G = (V,E) be a 2-Hop graph (e.g. complete bipartite
graphs, cocktail graphs, friendship graphs, etc...) and let dg be
its combinatorial distance.
For every 1

2 < α < 1, there is a T̂ satisfying

dαn(x, x̃) ≤ MW2(T̂ (x), T̂ (x̃)) ≲

⌈(
12 log(1+ρ(AG)

1−α

)1+α
⌉
dαn(x, x̃).

(i) Width: O
(
max{ log(1+ρ(AG))

α , n(n− 1)}
)
,

(ii) Depth: Depth(T̂ ) is Õ
(
n

(
1 + log(2)

√
n√

log(n)

))
,

(iii) Effective Dimension: ⌈12Cα−1 (log(1 + ρ(AG)))⌉.
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Questions 19

1. Must the embeddings be probabilistic?

2. Can we do better (bi-Lipschitz) if our data has some latent
geometry?



Question 2: Embedding Landscape 20

Depth & Width
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What’s not a geometric prior... 22

“The Leftovers”



Non-Smooth Geom Prior: Trees 23

If G is an n-node combinatorial tree.

For every M ≥ 2 there is
a T̂ with effective dimension M satisfying

dn(x, x̃) ≤ MW2(T̂ (x), T̂ (x̃)) ≲ n1/(M−1)dn(x, x̃).
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If (M, g) is a d-dimensional compact connected Riemannian
manifold

there is a T̂ of effective dimension 2d satisfying

dn(x, x̃) ≤ MW2(T̂ (x), T̂ (x̃)) ≲ n1/(M−1)dn(x, x̃).
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Does it work in practice? 25

Benchmark:

1. [15] all ”good” trees embed ”well” into the hyperbolic
plane,

2. [7, 5] neural nets. into hyperbolic space do well for
implementing trees,

3. [3] Represent hyperbolic plane as Gaussian mixtures with
”Information Geometry”,

4. [1, Example 11] Transformer universal model into
hyperbolic space

Linear Linear

Linear

Linear

Linear 𝕕
Linear

Concatenation

Linear + abs

+ Softmax
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Comparting with Hyperbolic Embeddings 27

Figure: Hyperbolic Embedding Figure: Probabilistic Transformer



How Stable are the Embeddings? 28

Figure: Point on Sphere
Figure: Feature Space
Representation



What Parameters Matter? 29



Conclusion 30

Summary

1. Represent entire metric space in “good common space”,

2. Implement embeddings with deep neural model,

3. n-point embedding guarantees for “important points”.

4. New proof techniques applicable to other embedding spaces
;)
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